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M?} Infinite sets &N

What is an infinite set?” We will formulate a definition of such a set
borrowed from Dedekind'. However, we will start by recalling the concept
of equinumerosity mentioned earlier.

!Julius Wilhelm Richard Dedekind, born 6.10.1831 in Brunswick, died 12.02.1916 —
German mathematician. He was a student of Dirichlet and Gauss. From 1862, for over
50 years he was a professor at the Collegium Carolinum in Braunschweig. He was close
friends with Cantor and was one of the first to appreciate the value of his set-theoretic

works.
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What is an infinite set?” We will formulate a definition of such a set
borrowed from Dedekind'. However, we will start by recalling the concept
of equinumerosity mentioned earlier.

Definition. We say that two sets A and B are equinumerous, if the
elements of these sets can be paired in such a way that each element of A
is paired with exactly one element of the set B, and each element of the
set B is paired with exactly one element of the set A.

In other words, sets A and B are equinumerous if there exists a one-to-one
and onto correspondence between them. This means that it must exist a
function from A to B such that for every element of B there exist just one
corresponding element of A. (Such a function is called a bijection).

! Julius Wilhelm Richard Dedekind, born 6.10.1831 in Brunswick, died 12.02.1916 —
German mathematician. He was a student of Dirichlet and Gauss. From 1862, for over
50 years he was a professor at the Collegium Carolinum in Braunschweig. He was close
friends with Cantor and was one of the first to appreciate the value of his set-theoretic
works.



Infinite sets

In the first example of equinumerous sets mentioned earlier, the elements
of the set A were the faces of a six-sided dice with an odd number of dots,

and the elements of the set B were the faces of this dice with an even

number of dots.
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In the first example of equinumerous sets mentioned earlier, the elements
of the set A were the faces of a six-sided dice with an odd number of dots,
and the elements of the set B were the faces of this dice with an even
number of dots.

The second example is the equinumerosity of the set of all natural
numbers and the set of even natural numbers — the pairs there had the
form (2;2n), n=1,2,3,....

Here the bijection that establishes the equinumerosity has the form
f:N— 2N, f(n) =2n.
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It’s time to define an infinite set.

2A proper subset is a subset to which some elements of a given set do not belong (at
least one does not).
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It’s time to define an infinite set.

Definition. A set A is called infinite if it is equinumerous with some its
proper subset?.

So we immediately have at least one infinite set — the set of all natural
numbers — equinumerous with the set of all even numbers.

2A proper subset is a subset to which some elements of a given set do not belong (at
least one does not).
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It’s time to define an infinite set.

Definition. A set A is called infinite if it is equinumerous with some its
proper subset?.

So we immediately have at least one infinite set — the set of all natural
numbers — equinumerous with the set of all even numbers.

Let us denote the set of all natural numbers with the symbol N. Let’s
establish that
N=14{0,1,2,3,4,...},

i.e. we will consider natural numbers starting with zero.

2A proper subset is a subset to which some elements of a given set do not belong (at
least one does not).
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Example. The set of even natural numbers is infinite.

Indeed, pairs of the form (2n;4n), n € N, show that the set of even
natural numbers is equinumerous with the set of natural numbers divisible
by 4 (natural numbers divisible by 4 can be expressed as 4n, where

n € N). The set of natural numbers divisible by 4 is a proper subset of the
set of even numbers. Therefore, the set of even numbers is equinumerous
with its proper subset, and therefore it is infinite.



Infinite sets

=

Problem 1. Show that if the set A is equinumerous with the set B and
the set B is equinumerous with the set C', then A is equinumerous with C.
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Problem 1. Show that if the set A is equinumerous with the set B and
the set B is equinumerous with the set C', then A is equinumerous with C.

Solution. Let f: A— B and g : B — C be bijections. Define h: A — C
by h(a) = g(f(a)), a € A.
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Infinite sets

Problem 1. Show that if the set A is equinumerous with the set B and
the set B is equinumerous with the set C', then A is equinumerous with C.

Solution. Let f: A— B and g : B — C be bijections. Define h: A — C
by h(a) = g(f(a)), a € A.

First we show that h is one-to-one. Suppose h(a1) = h(ag) for some
a1, as € A. This means that g(f(a1)) = g(f(a2)). Since g is one-to-one,
f(ar) = f(az). Again, as f is one-to-one, a; = as, so h is one-to-one.
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Problem 1. Show that if the set A is equinumerous with the set B and
the set B is equinumerous with the set C', then A is equinumerous with C.

Solution. Let f: A— B and g : B — C be bijections. Define h: A — C
by h(a) = g(f(a)), a € A.

First we show that h is one-to-one. Suppose h(a1) = h(ag) for some
a1, as € A. This means that g(f(a1)) = g(f(a2)). Since g is one-to-one,
f(ar) = f(az). Again, as f is one-to-one, a; = as, so h is one-to-one.

Now we show that h is onto. Let ¢ € C'. Our goal is to find an a € A such
that ¢ = h(a), i.e. ¢ = g(f(a)). As g is onto, ¢ = g(b) for some b € B.
Since f is onto, b = f(a) for some a € A. Then ¢ = g(b) = g(f(a)) = h(a)
and we are done.
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Problem 1. Show that if the set A is equinumerous with the set B and
the set B is equinumerous with the set C', then A is equinumerous with C.

Solution. Let f: A— B and g : B — C be bijections. Define h: A — C
by h(a) = g(f(a)), a € A.

First we show that h is one-to-one. Suppose h(a1) = h(ag) for some
a1, as € A. This means that g(f(a1)) = g(f(a2)). Since g is one-to-one,
f(ar) = f(az). Again, as f is one-to-one, a; = as, so h is one-to-one.

Now we show that h is onto. Let ¢ € C'. Our goal is to find an a € A such
that ¢ = h(a), i.e. ¢ = g(f(a)). As g is onto, ¢ = g(b) for some b € B.
Since f is onto, b = f(a) for some a € A. Then ¢ = g(b) = g(f(a)) = h(a)
and we are done.

The function A : A — C' turned out to be a bijection, so the sets A and C
are equinuimerous. []
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countable.
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Remark. In general, a set is called countable, if it is either finite or
equinumerous with the set of natural numbers. In what follows we will
concentrate od infinite countable sets.
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Remark. In general, a set is called countable, if it is either finite or
equinumerous with the set of natural numbers. In what follows we will
concentrate od infinite countable sets.

Exercise 1. Show that the set of integers
Z=A...,—-5,—4,-3,-1,0,1,2,3,4,5...} is countable.
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Definition. Set equinumerous with the set of natural numbers is called
countable.

Remark. In general, a set is called countable, if it is either finite or
equinumerous with the set of natural numbers. In what follows we will
concentrate od infinite countable sets.

Exercise 1. Show that the set of integers
Z=A...,—-5,—4,-3,-1,0,1,2,3,4,5...} is countable.

Exercise 2. Show that if the A and B are countable sets, and A N B = (),
then the set AU B is countable.
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Definition. Set equinumerous with the set of natural numbers is called
countable.

Remark. In general, a set is called countable, if it is either finite or
equinumerous with the set of natural numbers. In what follows we will
concentrate od infinite countable sets.

Exercise 1. Show that the set of integers
Z=A...,—-5,—4,-3,-1,0,1,2,3,4,5...} is countable.

Exercise 2. Show that if the A and B are countable sets, and A N B = (),
then the set AU B is countable.

Hint. If f : N — A and g : N — B are bijections, then lconsider the

function
f(%) if n is even,
h(n)=<" 27 .. .
g(*5=) if n is odd.
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Countable sets

Problem 2. Show that any infinite subset of N is countable.

Solution. Let A C N be an infinite set. Write all elements of A in
ascending order:
ap,ai,a2,a3,aq, . ...

In such a way we have obtained a function f: N — A, f(n) = a,. This
function is clearly a bijection.

[]
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Problem 2. Show that any infinite subset of N is countable.

Solution. Let A C N be an infinite set. Write all elements of A in
ascending order:
ap,ai,a2,a3,aq, . ...

In such a way we have obtained a function f: N — A, f(n) = a,. This
function is clearly a bijection. []

Exercise 3. Show that any infinite subset of a countable set is also
countable.
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Problem 2. Show that any infinite subset of N is countable.

Solution. Let A C N be an infinite set. Write all elements of A in
ascending order:
ap,ai,a2,a3,aq, . ...

In such a way we have obtained a function f: N — A, f(n) = a,. This
function is clearly a bijection. []

Exercise 3. Show that any infinite subset of a countable set is also
countable.

Problem 3. Let A be an infinite set. Suppose that there exists a
one-to-one function f : A — N. Show that the set A is countable.



Countable sets
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Problem 2. Show that any infinite subset of N is countable.

Solution. Let A C N be an infinite set. Write all elements of A in
ascending order:
ap,ai,a2,a3,aq, . ...

In such a way we have obtained a function f: N — A, f(n) = a,. This
function is clearly a bijection. []

Exercise 3. Show that any infinite subset of a countable set is also
countable.

Problem 3. Let A be an infinite set. Suppose that there exists a
one-to-one function f : A — N. Show that the set A is countable.

Solution. Let Ny = {n € N : there is an = € A such that f(x) =n}, i.e.
Ny is the image of A via f. Observe, that Ny is equinumerous with A, so
Ny is infinite. By Problem 2, IV is countable, and so is A. []
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Problem 4. Let B be an infinite set. Suppose that there exists a function
g : N — B that is onto. Show that the set B is countable.
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Problem 4. Let B be an infinite set. Suppose that there exists a function
g : N — B that is onto. Show that the set B is countable.

Solution. For each b € Blet N(b) ={n € N: g(n) = b}. Observe, that the
sets N(b), b € B, cover all the set N. In each N(b) find the smallest
element ny. Define function f: B — N by f(b) = ny. Clearly f is
one-to-one. By Problem 3, B is countable. []

Remark. To show that a set is countable, it is enough to arrange all the
elements of this set into a sequence. Such a sequence will be a function
from N onto the given set.
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Problem 5. Show, that the set of rational numbers

Q={L: pq€eZ, q#0}

1s countable.

Proof. 1. First we shaw that the set Qg = {x € Q: = > 0} is countable.
To do this, we will arrange all non-negative rational numbers into a

sequence:
o1 1 2 1 2 3 1 2 3 4 1 2 3 4 4 1 2 3 4 56
12 12 22 12 32 22 172 42 39 29 19 52 47 37 27 17 62 59 42 39 29 17

By Problem 4, (Qp is countable.
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Problem 5. Show, that the set of rational numbers

Q=1{t:pq€Z, q#0}

1s countable.

Proof. 1. First we shaw that the set Qg = {x € Q: = > 0} is countable.
To do this, we will arrange all non-negative rational numbers into a
sequence:

By Problem 4, (Qp is countable.

2. Denote by Q_ the set of all negative rational numbers, then . There is
a one-to-one function f: Q_ — Qg given by f(x) = —x. As Qp is
countable, there is a one-to-one function from Q_ to N. By Problem 3,
Q_ is countable.
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Problem 5. Show, that the set of rational numbers

Q=1{t:pq€Z, q#0}

1s countable.

Proof. 1. First we shaw that the set Qg = {x € Q: = > 0} is countable.
To do this, we will arrange all non-negative rational numbers into a
sequence:

By Problem 4, (Qp is countable.

2. Denote by Q_ the set of all negative rational numbers, then . There is
a one-to-one function f: Q_ — Qg given by f(x) = —x. As Qp is
countable, there is a one-to-one function from Q_ to N. By Problem 3,
Q_ is countable.

3. By Exercise 2, Q = Q_ U Q) is countable. []
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If X is a set then by subset of X we understand ANY set Y C X.

Consider the empty set () — the only set that has no elements. It is
included in ANY set, also in the empty set: () C 0.

Does the empty set have any other subsets? Of course not — the empty
set is the only subset of the empty set.

For a given set X denote by P(X) the family of all subset of X. Then
P0) ={0}.

A one-element set X = {a} has two subsets: the empty set ) C X and
itselfl: X C X. Thus P({a}) = {0, {a}}.
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If X is a set then by subset of X we understand ANY set Y C X.

Consider the empty set () — the only set that has no elements. It is
included in ANY set, also in the empty set: () C 0.

Does the empty set have any other subsets? Of course not — the empty
set is the only subset of the empty set.

For a given set X denote by P(X) the family of all subset of X. Then
P0) ={0}.

A one-element set X = {a} has two subsets: the empty set ) C X and
itselfl: X C X. Thus P({a}) = {0, {a}}.

A two-element set X = {a,b} has four subsets:

fP({CL, b}) — {(bv {CL}, {b}v {CL, b}}
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If X is a set then by subset of X we understand ANY set Y C X.

Consider the empty set () — the only set that has no elements. It is
included in ANY set, also in the empty set: () C 0.

Does the empty set have any other subsets? Of course not — the empty
set is the only subset of the empty set.

For a given set X denote by P(X) the family of all subset of X. Then
P0) ={0}.

A one-element set X = {a} has two subsets: the empty set ) C X and
itselfl: X C X. Thus P({a}) = {0, {a}}.

A two-element set X = {a,b} has four subsets:
P({a,b}) = {0,{a}, {b},{a,b}}.
A three-element set X = {a,b, c} has eight subsets:

P({a,b,c}) ={0,{a}, {0}, {c}, {a,b},{a, c},{b,c}, {a,b,c}}.
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n-element set has 2" subsets (how to prove this?).
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Exercise 4. Show that if a finite set has n elements, then P(X) has 2"
elements.
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We guess that a four-element set has 16 = 2* subsets, and in general, an
n-element set has 2" subsets (how to prove this?).

Exercise 4. Show that if a finite set has n elements, then P(X) has 2"
elements.

Motivated by exercise 4, let us introduce an alternative notation for the
family of all subsets of a given set X, namely let 2% = P(X).
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elements.
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family of all subsets of a given set X, namely let 2% = P(X).
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Let us introduce a notation for a number of elements of a set, namely if a
set X has n elements, then we write card(X) = n (the symbol ”card” is an
abbreviation of the word cardinality, which means the number of elements
in a set).
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How many subsets does a four-element set have?

We guess that a four-element set has 16 = 2* subsets, and in general, an
n-element set has 2" subsets (how to prove this?).

Exercise 4. Show that if a finite set has n elements, then P(X) has 2"
elements.

Motivated by exercise 4, let us introduce an alternative notation for the
family of all subsets of a given set X, namely let 2% = P(X).
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in a set).
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How many subsets does a four-element set have?

We guess that a four-element set has 16 = 2* subsets, and in general, an
n-element set has 2" subsets (how to prove this?).

Exercise 4. Show that if a finite set has n elements, then P(X) has 2"
elements.

Motivated by exercise 4, let us introduce an alternative notation for the
family of all subsets of a given set X, namely let 2% = P(X).

Then 2° = {0}, 21" = {0, {a}, {b}, {a, b} }.

Let us introduce a notation for a number of elements of a set, namely if a
set X has n elements, then we write card(X) = n (the symbol ”card” is an
abbreviation of the word cardinality, which means the number of elements
in a set).

So, card{a, b, c} = 3, card glabedel _ 95 _ g9

Other symbols for the number of elements in a set are also used, e.g. |A|,

X or (notation preferred by IT specialists) #A.



An interesting theorem

Theorem. Let X be a set. Then:

(2) There is a one-to-one function I : X — 2%

(1) The sets X and 2% are not equinumerous.



An interesting theorem

Theorem. Let X be a set. Then:

(2) There is a one-to-one function I : X — 2%

(71) The sets X and 2% are not equinumerous.

Proof. Ad (i) Define the function 7 : X — 2% by I(x) = {z}. Clearly I is
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Theorem. Let X be a set. Then:

(2) There is a one-to-one function I : X — 2%

(71) The sets X and 2% are not equinumerous.

Proof. Ad (ii) Suppose this statement is not true and there is a bijection
F: X — 2%, Consider the set X, = {reX: x¢ F(x)}.

Since F'is a bijection, Xg = F'(xg) for some xg € X. Observe, that if some
xr € F(x), then x ¢ Xj.

The question arises: does zy belong to F'(xg) = Xo?

Consider the case: xg € F'(xg) = Xp. Then, by definition of Xy,
ro & F(xg) = Xp, a contradiction.

The other case is zg & F(xg) = Xg. Then, by definition of X,
ro € F(xp) = Xp, again a contradiction.
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Theorem. Let X be a set. Then:

(2) There is a one-to-one function I : X — 2%

(71) The sets X and 2% are not equinumerous.

Proof. Ad (ii) Suppose this statement is not true and there is a bijection
F: X — 2%, Consider the set X, = {reX: x¢ F(x)}.

Since F'is a bijection, Xg = F'(xg) for some xg € X. Observe, that if some
xr € F(x), then x ¢ Xj.
The question arises: does zy belong to F'(xg) = Xo?

Consider the case: xg € F'(xg) = Xp. Then, by definition of Xy,
ro & F(xg) = Xp, a contradiction.

The other case is zg & F(xg) = Xg. Then, by definition of X,
ro € F(xp) = Xp, again a contradiction.

In each case we obtained a contradiction, which means that the
assumption about the existence of bijection was false. This completes the
proof of the theorem. []



Are all infinite sets countable?




Are all infinite sets countable?

%

The answer is NO!



Are all infinite sets countable?

=

The answer is NO!

=

As an example we may consider the set of all subsets of the set of natural
numbers. It is infinite, but not equinumerous with the set N. This means
that 2" is not countable (we say that it is uncountable).
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The answer is NO!

As an example we may consider the set of all subsets of the set of natural
numbers. It is infinite, but not equinumerous with the set N. This means
that 2" is not countable (we say that it is uncountable).

Are there other uncountable sets? Yes, we will soon meet some of them.
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For a,b € R, a < b, denote:

(a,b) ={x € R; a < x < b} — open line segment

a b

(a,b) ={r eR; a<z<b}, (a,b)={r€R; a<x<b} — half-open
line segments
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First, let us introduce (recall) some notation.

The set of all real numbers is usually denoted by R.

For a,b € R, a < b, denote:

(a,b) ={x € R; a < x < b} — open line segment

a b

(a,b) ={r eR; a<z<b}, (a,b)={r€R; a<x<b} — half-open
line segments

a b a b

(a,b) ={x € R; a < x < b} — closed line segment

a b
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Exercise 5. Show, that line intervals (0,2) and (0, 1) are equinumerous.

Exercise 6. Show, that line intervals (0, 2) and (0, 1) are equinumerous.

Corollary. All open line segments on R are equinumerous.
All half-open line segments on R are equinumerous.

All closed line segments on R are equinumerous.
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Problem 6. Show, that line segment (—1,1) and R are equinumerous.
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Problem 6. Show, that line segment (—1,1) and R are equinumerous.

Solution. Consider function f: (—1,1) — R given by

x
L=z

flz) =

We will show that f is a bijection.
Why f is one-to-one?
Suppose f(z1) = f(22), i.e. |:;: = _| ;- Observe that z1 > 0 if and

L1 — _ X2
1—21 1—x9?

only if (iff) zo > 0. Thus for x1,x9 > 0 we have while for

x1, 9 < 0 we have 1+w = 1—@2'

Easy calculations show that in both cases x1 = x».
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Problem 6. Show, that line segment (—1,1) and R are equinumerous.
Solution. Consider function f: (—1,1) — R given by

T
1= |af

f(x)

We will show that f is a bijection.

Why f is onto?

First observe that for x € (—1,1), z > 0 iff f(x) > 0.

Now take any y € R. We seek such an z, that f(z) =y, ie. 7= =y for
y 2 0and {7 =y for y <O0.

Easy calculations show that z = % for y > 0 and = = ﬁ for y < 0.
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Problem 6. Show, that line segment (—1,1) and R are equinumerous.
Solution. Consider function f: (—1,1) — R given by

T
C1—Jaf

f(x)

We will show that f is a bijection.
Thus f is a bijection.
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Problem 6. Show, that line segment (—1,1) and R are equinumerous.
Solution. Consider function f: (—1,1) — R given by

o
1= |af

f(x)

We will show that f is a bijection.
Thus f is a bijection.

We have proved that the line segment (—1,1) and R are equinumerous. [
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S

Problem 7. Extract x from the formula f(x) = 777> to get the inverse

function g : R — (—1,1).

Observe that the definition of the function f(x) =
reformulate as

f(z) {ﬁ for x > 0,
€T ) —

x
1—|-—£13 fOI'CE<O.

X

1—

—f— we can
||
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Problem 7. Extract x from the formula f(z) = 7 _x|x|, to get the inverse
function g : R — (—1,1).

Observe that the definition of the function f(x) = _"3|x| we can
reformulate as
£ forx >0,
f(z) = {13;” A
T+ or x < 0.

Denoting f(x) = y we have
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function g : R — (—1,1).

1—|x|’

Observe that the definition of the function f(z) = =%

reformulate as

flz) = 2 for x < 0.

{ﬁ for > 0,
142

Denoting f(x) = y we have

y=q1—- forx=>0,
y:H_—x for x < 0.

|
<

for y > 0,
for y < 0.

—_
<

Extract x from both formulas: {x N

—_
|
<

>

to get the inverse
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Problem 7. Extract x from the formula f(x) = 2

function g : R — (—1,1).

1—|x|’

Observe that the definition of the function f(z) = =%

reformulate as

flz) = 2 for x < 0.

{ﬁ for > 0,
142

Denoting f(x) = y we have

g

y =1 ftorx >0,
yzl%ﬁ for x < 0.

<

for y > 0,
for y < 0.

—_
<

Extract x from both formulas: {
€Tr =

—_
|
<

Finally get x = g(y) = %Iyl for y € R.

S

to get the inverse
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Problem 7. Extract x from the formula f(x) = 777> to get the inverse

function g : R — (—1,1).
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C1. If A is finite and consists of n elements, then card(A) = n.

C2. card(A) = card(B) iff A and B are equinumerous.
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Cardinal numbers

We assign to each set A an object called a cardinal number, denoted by
card(A), and we put some conditions, as follows.

Cl1.
C2.
C3.

CA4.

If A is finite and consists of n elements, then card(A) = n.
card(A) = card(B) iff A and B are equinumerous.

If there is a one-to-one function f : A — B, then we claim

card(A) < card B.

If card(A) < card(B) and card(B) < card(A), then

card(A) = card(B).
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We assign to each set A an object called a cardinal number, denoted by
card(A), and we put some conditions, as follows.

C1. If A is finite and consists of n elements, then card(A) = n.
C2. card(A) = card(B) iff A and B are equinumerous.

C3. If there is a one-to-one function f : A — B, then we claim
card(A) < card B.

C4. If card(A) < card(B) and card(B) < card(A), then
card(A) = card(B).

C5. For any collection of sets the corresponding collection of their cardinal
numbers contains the smallest element with respect to the relation <.
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We assign to each set A an object called a cardinal number, denoted by
card(A), and we put some conditions, as follows.

C1. If A is finite and consists of n elements, then card(A) = n.
C2. card(A) = card(B) iff A and B are equinumerous.

C3. If there is a one-to-one function f : A — B, then we claim
card(A) < card B.

C4. If card(A) < card(B) and card(B) < card(A), then
card(A) = card(B).

C5. For any collection of sets the corresponding collection of their cardinal
numbers contains the smallest element with respect to the relation <.

If card(A) < card(B) and card(A) # card(B), then we write
card(A) < card(B) and say that card(A) is smaller then card(B), or that
card(B) is greater than card(A).

For example, card({0, 1,2, 3}) is smaller than card(N),
card({0,1,2,3}) < card(N).
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(ii) There is a one-to-one function f: A — B.

(iii) There is an onto function g : B — A.
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(ii) There is a one-to-one function f: A — B.

(iii) There is an onto function g : B — A.

Proof. The equivalence of (i) and (ii) is clear.
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Theorem. Let A and B be sets. The following conditions are equivalent.
(i) card(A) < card(B).

(ii) There is a one-to-one function f: A — B.

(iii) There is an onto function g : B — A.

Proof. The equivalence of (i) and (ii) is clear.

Suppose that (ii) is true and let f : A — B be one-to-one function. Then
f(A) C B and there is one-to-one and onto function f~!: f(4) — A.
Fix any a € A. Define function g : B — A by

{a if b ¢ f(A),
FLb) ifbe f(A).

Clearly ¢ is onto.
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Theorem. Let A and B be sets. The following conditions are equivalent.
(i) card(A) < card(B).

(ii) There is a one-to-one function f: A — B.

(iii) There is an onto function g : B — A.

Proof. The equivalence of (i) and (ii) is clear.

Suppose that (ii) is true and let f : A — B be one-to-one function. Then
f(A) C B and there is one-to-one and onto function f~!: f(4) — A.
Fix any a € A. Define function g : B — A by

a if b ¢ f(A),
L) ifbe f(A).
Clearly ¢ is onto.

Suppose now that (iii) is true. For each a € A find b, € g '(a). The
function f(a) = b, is one-to-one, and (ii) is true. ]
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Problem 8. Prove that card((—1,1)) = card((0, 1)) = card((0, 1)).
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Solution. Define one-to-one functions as follows.

:1:4—1.
2 Y,

fo(=1L1)=0,1) flz)=
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Problem 8. Prove that card((—1,1)) = card({0,1)) = card((0, 1)).

Solution. Define one-to-one functions as follows.

f-L1) =5 00) f) =0

g - <071) — <07 1>7 g(x) = €

B (0.1) — (=1,1), h(z) = — %

It is easy to check, that these functions are one-to-one.
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Problem 8. Prove that card((—1,1)) = card({0,1)) = card((0, 1)).

Solution. Define one-to-one functions as follows.

f-L1) =5 00) f) =0

9:(0,1) = (0, 1), g(z) ==
1
h:(0,1) = (-1,1), h(x)=xa— 5"
It is easy to check, that these functions are one-to-one.

Thus card((—1,1)) < card((0,1)) < card((0,1)) < card((—1,1)).
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Problem 8. Prove that card((—1,1)) = card({0,1)) = card((0, 1)).

Solution. Define one-to-one functions as follows.

f-L1) =5 00) f) =0

g - <071) — <07 1>7 g(x) = €

1
h:(0,1) = (-1,1), h(x)=xa— 5"
It is easy to check, that these functions are one-to-one.
Thus card((—1,1)) < card((0,1)) < card((0,1)) < card((—1,1)).

By C4, card((—1,1)) = card({0,1)) = card((0, 1)). ]




‘/,] An important corollary

Corollary. The set R and all line segments are equinumerous.
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Let us recall the concept of a periodic fraction. When dividing natural
numbers by natural numbers, it sometimes happens that infinitely
non-zero digits appear after the decimal point, e.g. 1:3 = 0.33333.. .,
1:11 =0.09090909...,5:12 = 0.41666666. ... In the given examples,
digits or groups of digits repeat from a certain point: in the quotient 1 : 3
we see only 3, in the quotient 1 : 11 the group of digits 09 repeats, and in
the quotient 5 : 12 the digit 6 is repeated. We call such repeating groups
of digits a period. In writing, we put the period in parenthesis:

1:3=0.3333333... = 0.(3),
1:11 = 0.09090909. .. = 0.(09),
5:12 = 0.41666666 . .. = 0.41(6).
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Let us recall the concept of a periodic fraction. When dividing natural
numbers by natural numbers, it sometimes happens that infinitely
non-zero digits appear after the decimal point, e.g. 1:3 = 0.33333.. .,
1:11 =0.09090909...,5:12 = 0.41666666. ... In the given examples,
digits or groups of digits repeat from a certain point: in the quotient 1 : 3
we see only 3, in the quotient 1 : 11 the group of digits 09 repeats, and in
the quotient 5 : 12 the digit 6 is repeated. We call such repeating groups
of digits a period. In writing, we put the period in parenthesis:

1:3=0.3333333... = 0.(3),
1:11 = 0.09090909. .. = 0.(09),
5:12 = 0.41666666 . .. = 0.41(6).

If a decimal fraction expresses the quotient of natural numbers (i.e. a
rational number), it is either finite (from a certain point it contains only
zeros) or periodic. Representation a rational number as a decimal is not
always unique. For instance 0.(9) = 1.0, 0.2(9) = 0.3, 0.5 = 0.4(9),

0.01 = 0.00(9).



Decimal fractions
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Theorem. Every non-zero real number has a unique decimal
representation with the property that it contains an infinite many of
non-zero digits.
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with the set R, there exists a bijection from N to (0,1). This means, that
we are able to arrange all numbers from (0, 1) in a sequence (x,)n>0-
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We will show, that the answer is negative.

To do this let us assume that the answer is positive, i.e. there exists a
bijection between N and R. Because all line segments are equinumerous
with the set R, there exists a bijection from N to (0,1). This means, that
we are able to arrange all numbers from (0, 1) in a sequence (xy)n>0-

Write each number from (0, 1) in decimal representation with infinitely
many non-zero digits (and 0 = 0.(0)). Denote

Ty = 0. LInlIn2In3Insdns .., T = 0,

where =, . € {0,1,2,3,4,5,6,7,8,9}, n>0, k> 1.
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Thus we have a table

xo=0.2x0,1To2 T0,3 T0,4 0,5 0,6 0,7 - - -
11 =0.211 212213214215 %1,621,7---
X9 =0.221X22T23T24T25T26%07---
x3=0.231232T33T34T35T3,6L3,7---
T4 =0.241042243T44745T46T47---
x5=0.251252 %53 T54 T55T56 L57 - - -
x6=0.T61 26,2 T6,3 T6,4 L6,5 L6,6 L6,7 - - -
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Thus we have a table

xo=0.2x0,1To2 T0,3 T0,4 0,5 0,6 0,7 - - -
11 =0.211 212213214215 %1,621,7---
X9 =0.221X22T23T24T25T26%07---
x3=0.231232T33T34T35T3,6L3,7---
X4 =0.241242%43T44%45T46T47---
x5=0.251252 %53 T54 T55T56 L57 - - -
x6=0.T61 26,2 T6,3 T6,4 L6,5 L6,6 L6,7 - - -

We will show, that such a table can not contain all elements of (0,1). To
do this we will construct a sequence of digits that is an element of (0, 1)
which is not in the above table.
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Thus we have a table

xo=0.2x0,1To2 T0,3 T0,4 0,5 0,6 0,7 - - -
11 =0.211 212213214215 %1,621,7---
X9 =0.221X22T23T24T25T26%07---
x3=0.231232T33T34T35T3,6L3,7---
X4 =0.241242%43T44%45T46T47---
x5=0.251252 %53 T54 T55T56 L57 - - -
x6=0.T61 26,2 T6,3 T6,4 L6,5 L6,6 L6,7 - - -

We will show, that such a table can not contain all elements of (0,1). To
do this we will construct a sequence of digits that is an element of (0, 1)
which is not in the above table.

Let’s look at the diagonal part of the above table to the right of the
decimal point.
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xo=0.20,1To2 T0,3 0,4 0,5 0,6 L0,7 - - -
1 =0.211 212213214215 %1,621,7---
X2 =0.T21 T22X23T24%25T26L07---
x3=0.231232233T34T35T3,6L3,7---
X4 =0.241242%43T44T45T46T47---
x5=0.251252 %53 T54 L5556 L57 - - -
x6=0.261 26,2 T6,3 T6,4 L6,5 L6,6 L6,7 - - -
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xo=0.20,1To2 T0,3 0,4 0,5 0,6 L0,7 - - -
1 =0.211 212213214215 %1,621,7---
X0 =0.291X22T23T24T25T26L0,7---
x3=0.231232233T34T35T3,6L3,7---
X4 =0.241242%43T44T45T46T47---
x5=0.251252 %53 T54 L5556 L57 - - -
x6=0.261 26,2 T6,3 T6,4 L6,5 L6,6 L6,7 - - -

Define the sequence 7 € (0, 1) by creating it from the consecutive digits
marked in red: 7y =0. 0,1 £1,2 L23 L34 T45L56 L6,7 - - -
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xo=0.20,1To2 T0,3 0,4 0,5 0,6 L0,7 - - -
1 =0.211 212213214215 %1,621,7---
X0 =0.291X22T23T24T25T26L0,7---
x3=0.231232233T34T35T3,6L3,7---
X4 =0.241242%43T44T45T46T47---
x5=0.251252 %53 T54 L5556 L57 - - -
x6=0.261 26,2 T6,3 T6,4 L6,5 L6,6 L6,7 - - -

Define the sequence 3 € (0, 1) by creating it from the consecutive digits
marked in red: 7y =0. 0,1 L1,2T23L34T45T56L6,7 - - -

Now define y € (0,1), y=0.y1Y2Y3y4Y5Y6 Y7 ..., Where
Y = Tr—1k + 1 mod 10, that means, if x;_1 1 = 0 then y, = 1, if
Tr—1% = 1 then y, = 2, etc, finally, if 41 = 9 then y; = 0.
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xo=0.20,1To2 T0,3 0,4 0,5 0,6 L0,7 - - -
1 =0.211 212213214215 %1,621,7---
22 =0.2921T22223T24T25T26T07---
x3=0.231232233T34T35T3,6L3,7---
X4 =0.241242%43T44T45T46T47---
x5=0.251252 %53 T54 L5556 L57 - - -
x6=0.261 26,2 T6,3 T6,4 L6,5 L6,6 L6,7 - - -

Define the sequence 3 € (0, 1) by creating it from the consecutive digits
marked in red: 7y =0. 0,1 L1,2T23L34T45T56L6,7 - - -

Now define y € (0,1), y=0.y1Y2Y3y4Y5Y6 Y7 ..., Where
Y = Tr—1k + 1 mod 10, that means, if x;_1 1 = 0 then y, = 1, if
Tr—1% = 1 then y, = 2, etc, finally, if 41 = 9 then y; = 0.

Observe, that y is not in the table above, since y,, # =, p+1, n = 0. We got
a contradiction, so N and (0, 1) are not equinumerous. In particular, R is
uncountable. In other words, card(N) < card(R).



Uncountable sets
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We have two interesting examples of uncountable sets: 2" and R. The
question is: are they equinumerous?

&,
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another set that will look friendlier and be equinumerous with it.
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We have two interesting examples of uncountable sets: 2" and R. The
question is: are they equinumerous?

Set 2" looks a bit mysterious and hard to imagine. We will replace it with
another set that will look friendlier and be equinumerous with it.

Let us consider the set of all (infinite) zero-one sequences {0, 1}, There is
a natural bijection I : {0, 1} — 2" given by

I((an)n=0) = {n; ap, = 1}.

Thus card({0,1}") = Card(QN).
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We have two interesting examples of uncountable sets: 2" and R. The
question is: are they equinumerous?

Set 2" looks a bit mysterious and hard to imagine. We will replace it with
another set that will look friendlier and be equinumerous with it.

Let us consider the set of all (infinite) zero-one sequences {0, 1}, There is
a natural bijection I : {0, 1} — 2" given by

I((an)nz0) = {n; an =1}.
Thus card({0,1}") = Card(QN).

We will show that card({0,1}") = card((0,1)) = card(R).
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Solution.



Uncountable sets

Problem 9. Show that card({0, 1}) = card((0, 1)).

Solution.

We will define one-to-one function w : {0, 1} — (0,1) (which will imply
that card({0, 1}"") < card({0,1))), and onto function p: {0, 1} — (0, 1)
(which will imply that card((0,1)) < card({0,1})). By C4 we obtain
equality.
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Problem 9. Show that card({0, 1}) = card((0, 1)).

Solution.
Let w: {0,1} — (0, 1),

agp ai a9 an
W((an)n>0) = 3 + 3 —|-2—7—|-~°—|-3nJrl

It is clear that w is one-to-one (why it is clear?).

Therefore card({0,1}") < card((0, 1)).



Uncountable sets

Problem 9. Show that card({0, 1}) = card((0, 1)).
Solution.

Let p: {0,1} — (0,1),

) ai a an
p(<an)n>0) — 5 + 1 + ] T on+1

The function p is onto because every number from the interval (0, 1) has a
binary expansion starting from zero point.

This implies that card((0,1)) < card({0,1}")



Uncountable sets

P

Problem 9. Show that card({0, 1}) = card((0, 1)).

Solution.

We got card ({0, 1}") < card((0,1)) and card((0, 1)) <
card({0, 1}) = card((0,1)) = card(R).

card({0,1}V), s
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The cardinal number card(R) is called continuum and is denoted by ¢, i.e.
card(R) = c.

The word ”continuum” comes from the Latin continuus which means
continuous, uninterrupted.

The word in general means a continuous, ordered set of an infinite number
of elements flowing into one another.

In mathematics by continuum we understand also a compact connected
set. A typical example of such a set is any closed line segment (a, b),

a < b. Clearly card({a,b)) = C.

Bolzano, already known to us, understood the continuum in a way that
can now be formulated as follows. The continuum is a whole composed of
(spatial, temporal or material) points at which for each point there is a
specific great distance, so that in this and every one shorter distance there
is a point belonging to this whole.
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The cardinal number card(N) is denoted by Ny — we pronounce it as
aleph zero. Aleph N is the first letter of the Hebrew alphabet. This
notation was introduced into mathematics by Georg Cantor?.

3Georg Ferdinand Ludwig Philipp Cantor, 3.03.1845 — 6.01.1918, was a mathematician
who played a pivotal role in the creation of set theory, which has become a fundamental
theory in mathematics.
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The cardinal number card(N) is denoted by Ny — we pronounce it as
aleph zero. Aleph N is the first letter of the Hebrew alphabet. This
notation was introduced into mathematics by Georg Cantor?.

Cardinal numbers have the following property (it results from C5).

C6. Every cardinal number has a successor, i.e. if m is a cardinal number,
then there is a cardinal number n such that m < n and every other
cardinal number p > m satisfies n < p.

It is easy to guess that the successor of N is the cardinal number denoted
by the symbol N;. Similarly, the successor of N; is Ny, etc. We obtain a
sequence of cardinal numbers

0,1,2,3,4,5,.... N, Ny, N, N3 ...

3Georg Ferdinand Ludwig Philipp Cantor, 3.03.1845 — 6.01.1918, was a mathematician
who played a pivotal role in the creation of set theory, which has become a fundamental
theory in mathematics.
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The cardinal number card(N) is denoted by Ny — we pronounce it as
aleph zero. Aleph N is the first letter of the Hebrew alphabet. This
notation was introduced into mathematics by Georg Cantor?.

Cardinal numbers have the following property (it results from C5).

C6. Every cardinal number has a successor, i.e. if m is a cardinal number,
then there is a cardinal number n such that m < n and every other
cardinal number p > m satisfies n < p.

It is easy to guess that the successor of N is the cardinal number denoted
by the symbol N;. Similarly, the successor of N; is Ny, etc. We obtain a
sequence of cardinal numbers

0,1,2,3,4,5,.... N, Ny, N, N3 ...

Are these all cardinal numbers?

3Georg Ferdinand Ludwig Philipp Cantor, 3.03.1845 — 6.01.1918, was a mathematician
who played a pivotal role in the creation of set theory, which has become a fundamental
theory in mathematics.
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NO! Just as Ng is something like the ending of a sequence of consecutive
natural numbers, the sequence of consecutive alephs indicated above has
an ending, which we denote N,. Next we have N1, N9, etc.

We have a sequence

0,1,2, ..., R0, Ny, Ra, .o Ry, N1, Rz, - - - Ry Nogga 1, Rz, Ry .o

The above sequence does not exhaust all cardinal numbers. Why? Because
there is no set of all cardinal numbers, just as there is no set of all sets.

When we want to consider any set of cardinal numbers, we always use a
restriction such as: "numbers less than m and satisfying the conditions
..., or "numbers not greater than m and satistfying the conditions...”.

The cardinal numbers shown above are all numbers less than 8 2, , in
other words, it is {m: m <N 2, }.

Suggestion. The concept of an object containing all the cardinal numbers
(whatever those may be) can be considered an example of potential
infinity.
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This is so named Continuum Hypothesis, CH, formulated by Georg Cantor.
Other, equivalent formulation is: any subset of the real numbers is either
finite, or countably infinite, or has the cardinality of the real numbers.

Is it true? Paul Cohen (Paul Joseph Cohen, 2.04.1934 — 23.03.2007,
American mathematician) provided surprising answer in 1963. What was
this answer?

The answer to the problem CH is independent of set theory, so that either
the continuum hypothesis or its negation can be added as an axiom to set
theory, with the resulting theory being consistent if and only if the set
theory is consistent.
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This is so named Continuum Hypothesis, CH, formulated by Georg Cantor.
Other, equivalent formulation is: any subset of the real numbers is either
finite, or countably infinite, or has the cardinality of the real numbers.

Is it true? Paul Cohen (Paul Joseph Cohen, 2.04.1934 — 23.03.2007,
American mathematician) provided surprising answer in 1963. What was
this answer?

The answer to the problem CH is independent of set theory, so that either
the continuum hypothesis or its negation can be added as an axiom to set
theory, with the resulting theory being consistent if and only if the set
theory is consistent.

Note, that consistent theory is a theory without contradictions.
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The infinity symbol oo was proposed by John Wallis (23.11.1616 —
28.10.1703, English mathematician), but in the sense of potential infinity,
and the symbol é as an infinitesimal quantity.

Currently, this symbol in mathematics is mainly used in boundary
crossings (in the sense of potential infinity). In addition, it appears in
certain situations in the topology.

Let us consider some example.



‘/,] And what is oc0?

Consider line segment (—1,1) and the real line:

—1

D'
J

AN

Both lines have no ends.
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Let’s add its ends to the segment — we will get a closed segment.
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And why can’t we add "ends” to the real line? Let’s do it!
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Let’s give these "ends” names:
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Let’s give these "ends” names:

Thus we have oo ;)



The (happy) end
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